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1. Introduction 

Let E be a finite set with its discrete topology, that is called an alphabet. Each 
element of E is called a symbol. Let E z be the infinite product space n^-oo 
where E^ = E, endowed with the product topology. The transformation a on E z 
given by cr((xi) ieI ) = (xi+i)iez is called the full shift over E. Let A be a closed 
subset of E z such that a (A) = A. The topological dynamical system (A, ct|a) is 
called a subshift or a symbolic dynamical system. It is written as A for brevity. 
There is a class of subshifts called sofic shifts, that contains the topological Markov 
shifts. Sofic shifts are presented by labeled graphs that are called A-graphs. 

In [Ma], the author has introduced a notion of A-graph system as a generalization 
of A-graph. A A-graph system £ = (V, E, A, t) consists of a vertex set V = Vo U 
V\ U Vi U • ■ • , an edge set E = i?o,i U E\^ U E%$ U • • • , a labeling map A : E — » E 
and a surjective map ty+i : Vz+i — > Vi for each / £ Z + , where Z + denotes the set 
of all nonnegative integers. An edge e £ -E^z+i has its source vertex s(e) in Vj, its 
terminal vertex t(e) in VJ+i and its label A(e) in E. 

The theory of symbolic dynamical system has a close relationship to formal 
language theory. In the theory of formal language, there is a class of universal 



languages due to W. Dyck. The symbolic dynamics generated by the languages are 
called the Dyck shifts Dn (cf. [ChS], [Kr],[Kr2],[Kr3]). They are nonsofic subshifts. 
Its alphabet consists of the 2N brackets: (i, . . . , (n,)i, • • • ,)n- The forbidden words 
consist of words that do not obey the standard bracket rules. In [KM], a A-graph 
system £p h (DN) that presents the subshift D N has been introduced. The A-graph 
system is called the Cantor horizon A-graph system for the Dyck shift Dn- The K- 
groups for £ Ch (D N )^ that 

are invariant under topological conjugacy of the subshift 
Dn, have been calculated ([KM]). 

In [Ma2], a nuclear C*-algebra associated with a A-graph system £ has been 
introduced. The class of the C*-algebras contain the class of the Cuntz-Krieger al- 
gebras. They are universal unique concrete C*-algebras generated by finite families 
of partial isometries and sequences of projections subject to certain operator rela- 
tions encoded by structure of the A-graph systems. Its K-groups Ki(Oz),i = 0, 1 
are realized as the K-groups of the A-graph system £. Therefore the results of [KM] 
imply that the C*-algebras O a ch(D N ) for N = 2, 3, . . . are unital simple purely in- 
finite whose K-groups are 

K (O £ ch(D N) ) ^ Z/iVZ©C(£,Z), Ki(C £ ch( Djv) ) ^0 

where C(£, Z) denotes the abelian group of all integer valued continuous func- 
tions on a Cantor discontinuum ^ ([KM;Corolllary 3.17]). Let ui, . . . ,un be the 
canonical generating isometries of the Cuntz algebra On that satisfy the relations: 
^2jLi UjU* = 1, u*Ui = 1 for i = 1, . . . N. Then the bracket rule of the symbols 
(i, (tv, ) )tv of the Dyck shift Dn may be interpreted as the relations 

u*Ui = 1 and u* Uj =0 for i ^ j 

of the partial isometries u\, . . . , u* N , u\, . . . , un in the C*-algebra On (cf. (2.1)). 

In the present paper, we consider a generalization of Dyck shifts Dn by using the 
canonical generators of Cuntz-Krieger algebras Oa for N x N matrices A with en- 
tries in {0, 1}. The generalized Dyck shift is denoted by Da and called the topolog- 
ical Markov Dyck shift for A (cf. [HIK], [KM2]). Let a lt . . . , a N , fa, . . . , (3 N be the 
alphabet of Da- They correspond to the brackets (i, . . . , (jv, )i, • • • , )jv respectively. 
Let ti, . . . ,£jv be the canonical generating partial isometries of the Cuntz-Krieger 
algebra Oa that satisfy the relations: ^2jLitjt* = 1, t*ti = XljLi j)tjt* for 
% = 1,...,N. Consider the correspondence <p(oti) = t*,<p(fii) = ti,i = 1,...,N. 
Then a word w of {a\, . . . ,aN, Pi, ■ ■ ■ , Pn} is defined to be admissible for the sub- 
shift Da precisely if the correspnoding element to w through <p in Oa is not zero. 
Hence we may recognize Da to be the subshift defined by the canonical generators 
of the Cuntz-Krieger algebra Oa- The subshifts Da are not sofic in general and 
reduced to the Dyck shifts if all entries of A are 1. 

We consider the Cantor horizon A-graph system £ J Ch ^ D A) f or i\y e topological 
Markov Dyck shift Da- The A-graph system will be proved to be A-irreducible 
with A-condition (I) in the sense of [Ma5] if the matrix is irreducible with condition 
(I) in the sense of Cuntz-Krieger [CK]. Hence the associated C*-algebra 0^chd a ) 
is simple and purely infinite because of [Ma5; Theorem 3.9]. We will show : 

Theorem 1.1. Let A be an N x N matrix with entries in {0, 1}. Suppose that A is 
irreducible with condition (I). The C* -algebra O z chd a ) associated with the X-graph 
system £ j c K d a) ^ s un ^ a ^ se p ara ^ e , nuclear, simple and purely infinite. It is the 
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unique C* -algebra generated by 2N partial isometries Si,Ti,i = 1, . . . , N subject to 
the following operator relations: 



N 



(1.1) 5](^ + T i T;) = i, 

N 

(1.2) = 1, 



AT 

(1.3) T:T i = Y t MiJ)SjS j , i=l,2,...,N, 
i=i 

(1.4) 

AT 

i=i 

w/iere E^...^ = S* t ■ ■ ■ S* k 5 Mfc ■ • • 5 Ml , (pi,--- ,^ k ) e £/ie set of admissible 
words of the topological Markov shift A a defined by the matrix A. 

If all entries of A is 1, the A-graph system ^M-Da) becomes £ Ch ( D N) so that the 
C*-algebra 0£cmd a ) goes to the algebra Oqchd n ). If A is the Fibonacci matrix 
F = 



l l 
1 o 



the C* -algebra O z ch(n F ) is simple and purely infinite. Its K-groups 

are K (O £ ch(n F) ) ^ Z © C(£, Z)°°, K^O^chd^) ^ where C(£,Z)°° denotes 
the countable infinite direct sum of the group C(£, Z) (cf.[Ma7]). In general, the 
C*-algebra Oq associated with a A-graph system £ has infinite family of generators. 
The C*-algebras C^cmd^), O z ck{d f ) are finitely generated, and its ATcrgroups how- 
ever are not finitely generated. Therefore the algebras O z ch{D N -,, O^cnup) are not 
semiprojective whereas Cuntz algebras and Cuntz-Krieger algebras are semiprojec- 
tive (cf. [Bla], [Bla2], [Ma3]). 

The author would like to express his sincerely thanks to Wolfgang Krieger whose 
suggestions and discussions made it possible to present this paper. 



2. The topological Markov Dyck shifts 

Throughout this paper iV is a fixed positive integer larger than 1. 

We consider the Dyck shift with alphabet E = E~ U E + where E~ = 
{ai, • • • , ctTv}, E + = • • • , (3n}. The symbols ctj, (3i correspond to the brackets 
(i, )i respectively, and has the relations 

/ s f 1 if i = j, 

(2.1) ctiPj = < 

I otherwise 

for i,j = 1, . . . , N (cf. [Kr2],[Kr3]). A word 71 • • of E is defined to be admissible 
for D N precisely if f[m=i 7m 7^ °, where ]lm=i 7™ means the products 71 • • • 7 n 
obtained by applying (2.1). 

Let A = [A(i, j)]ij=i,...,N be an Nx N matrix with entries in {0, 1}. Throughout 
this paper, A is assumed to have no zero rows or columns. Consider the Cuntz- 
Krieger algebra O a for the matrix A that is the universal C*-algebra generated by 
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N partial isometries ti, . . . , tjv subject to the following relations: 

N N 

(2.2) ^2tjt*j = l, t*U = Y,Mh3)tjt* forz = l,...,iV 

3=1 3=1 

([CK]). Define a correspondence ifA '■ E — >■ {£*,..., t^, £i, . . . , t^} by setting 

(pA{oLi)=t*, <PA(Pi) = U for i = 1, . . . ,N. 
We denote by E* the set of all words 71 • • -7 n of elements of E. Define the set 

$A = {71 • • 'In £ E* I ^(71) ' • '^(7n) = 0}. 

Let Da be the subshift over E whose forbidden words are 3a- The subshift is 
called the topological Markov Dyck shift defined by A. These kinds of subshifts 
have first appeared in [HIK] in semigroup setting and in [KM2] in more general 
setting without using C*-algebras. If all entries of A are 1, the partial isometries 
(Pa((*i), • • • 7 Va(o!jv)) <Pa(Pi), • • • , ^Pa(/3n) satisfy the same relations as (2.1) so that 
the subshift Da becomes the Dyck shift D^ with 2N bracket. We note the fact that 
a-i&j e $A if i 7^ j, and a in •••a il G $ A if and only if •••/%„ e 3a- Consider 
the following two subsystems of .D^ 

^ = {(7*), e z e Da I 7i e E+ for all i G Z}, 
£>A = {(7*) l6 z G I 7, G E- for all i G Z}. 

The subshift is identified with the topological Markov shift 

Aa = G {1, . . . , N} z I = 1, % G Z} 

defined by the matrix A and similarly is identified with the topological Markov 
shift Aa* defined by the transposed matrix A 1 of A. Hence the subshift Da is 
recognized to contain both the topological Markov shifts and A a* ■ 

Proposition 2.1. If A satisfies condition (I) in the sense of Cuntz-Krieger [CK], 
the subshift Da is not sofic. 

Proof. Put X D + = {(7i) Je N I (7i)tez e £>^} and X Ayl = {(£;);eN | (xi) ieZ G A A }. 
Since A satisfies condition (I), we can for each n = 1, 2, . . . find an element x(n) = 
(Pn(i))i£N G , where (n(z))j € N G -X"a a , so that x(n) 7^ for n ^ k. Let 
r~(a;(n)) be the predecessor set of x{n) in Da, that is, 

r~(x(n)) = {(..., y_2,y_i, yo) I (• • • , y-2, 2/-1, 2/0, Ai(2), • • • ) e D A }. 

Let for each n = 1,2,... and each z G N, a n (j) G E~ so that a n ^(3 n ^ = 1. 
Then (• • • , a n ( 2 )7 «n(i)) £ if and only if = n. Thus the predecessor sets 

F~(x(n)), n = 1, 2, . . . are mutually distinct, so is not sofic. □ 

Hence most irreducible matrix A yield non Markov subshifts Da- 
A A-graph system £ is said to present a subshift A if the set of all admissible words 
of A coincides with the set of all finite labeled sequences appearing in concatenating 
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edges of £. There are many A-graph systems that present a given subshift. Among 
them the canonical A-graph system is a generalization of the left-Krieger cover 
graph for a sofic shift, and which strong shift equivalence class is invariant under 
topological conjugacy of subshifts ([Ma]). The canonical A-graph systems £ c ' Dn ' 
for the Dyck shifts Dn together with its K-groups have been calculated in [Ma4]. 
One however sees that the A-graph systems £ c ( d n) are no t irreducible, so that the 
resulting C*-algebras O q c(d n ) are not simple. The Cantor horizon A-graph system 
£Ch(A) £ Qr a Q an ^ or horizon subshift A is an irreducible component of the canonical 
A-graph system £, C ( A K The Cantor horizon A-graph systems £ l Ch ( D N) f or the Dyck 
shifts D N together with its K-groups have been calculated in [KM] (cf. [Ma6]). 
The associated C*-algebras Q ch(n N ) are simple purely infinite such that 

K (O £ ch(d n) ) =Z/NZ®C(&,Z), K^OzChinn)) ^ 0. 

In this paper we will study the Cantor horizon A-graph systems £ Ch ( D A) f or ^he 
topological Markov Dyck shifts Da and its associated C*-algebras O z ch(n A ) for 
N x N matrices A with entries in {0, 1}. 

We denote by Bi(Da) and Bi(Aa) the set of admissible words of length / of Da 
and that of A^ respectively. Let m(l) be the cardinal number of Bi(Aa)- We use 
lexcographic order from the left on the words of Bi(Aa), so that we may assign to 
a word fii ■ ■ ■ fxi G Bi(Aa) the number N(ni ■ ■ ■ (ii) from 1 to m(Z). For example, if 



A = 



i i 
1 o 



, then 

S 1 (A A ) = {1,2}, N(l) = 1, N(2) = 2, 

B 2 (A A ) = {11, 12, 21}, N(ll) = 1, N(12) = 2, iV(21) = 3, 

and so on. Hence the set Bi(Aa) bijectively corresponds to the set of natural 
numbers less than or equal to m(l). Let us now describe the Cantor horizon A- 
graph system £pH D A) Q f jj a The vertices Vi at level / for / G Z + are given by the 
admissible words of length / consisting of the symbols of S + . We regard Vq as a 
one point set of the empty word {0}. Since V\ is identified with Bi(Aa), we may 
write Vi as 

Vi = {^Wi-mO I ^•••^ e B t (A A )}. 

The mapping t(= ti,i+i) : Vi + i — > V\ is defined by deleting the rightmost symbol of 
a corresponding word such as 

We define an edge labeled aj from wj V ( Atl ... Mi ) e Vj to 

U iV(^oMi •••m) ^ precisely 
if = j, and an edge labeled /3j from v 1 ^^...^^ G V t to v^...^) e Vj+i. For 
Z = 0, we define an edge labeled ay form u° to ^jv-(j)' anc ^ an edge labeled /?j form 
v° to ^ -^0'' *) = We denote by Eij+i the set of edges from V\ to Vj+i. Set 
E = Lif^ Q E^i +1 . It is easy to see that the resulting labeled Bratteli diagram with 
6-map becomes a A-graph system over E, that is denoted by £ c M-Da). 

In the A-graph system £p h ( D A)^ we consider two A-graph subsystems £ Ch ( A A) 
and £ w ( a a)_ Both of the A-graph subsystems have the same vertex sets as £ Ch ( D A) 
together with the same t-maps as £ Ch ( D A) _ ^he edge set of £ Ch ( A A) consist of edges 
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labeled by E+ in the edges of £p h i D A) ^ whereas that of £ W/ ( A ^) consist of edges 
labeled by E~. Hence £p h \ A A) becomes a A-graph system over E + and £ W/ ( A ^) 
becomes a A-graph system over E _ . The latter A-graph system is called the word 
A-graph system in [KM2]. Since the union of the edge sets of £ Ch ( A A) and £ w ( a a) 
coincides with the edge set of Sl Ch ^ DA \ we may write £ Ch ( D A) as 

gCh{D A ) _ £Ch(A A ) u £W(A A )_ 

We will prove that the A-graph system £ c K d a) presents the subshift D A . We 
denote by D* A and h* A the set of admissible words of the subshifts D A and 
respectively. 

Lemma 2.2. For 71 • • • 7& G D* A and \i\ ■ ■ ■ \l\ G A^, if the word 71 • • • 7fc/3 M2 ' ' ' fim 
is admissible in D A , so is the word 71 • • • 7/ c a Atl /3 Atl/ 9 M2 • • 

Proof. As the word 71 • • • 7fc/9 M2 • • • (3^, is admissible in D Al one has 

Va(7i) • • • <PA{lk)t^ ■ ■ ■ ■ ■ • £* 2 ^ 0. 
By the condition H\ - ■ ■ Hi G A^ with the relations (2.2), one sees 
t* t t •••/ +*■■■+* =f ...f +*...+* 

so that 

Pa (71) • • • Pa(7^ Mi Wm 2 • • • " - ^2 ^ 
and hence the word 71 • • • 7fcCt Ml /3 Ml /3 At2 • • • is admissible in Da- □ 
For Hi - • • hi G -B^A^) and k < I we set 

rL(^! • ••/*/*,) = {7i • ' ' 7fc G E* I 7l • • -7 fc /? Ml .../?„, e -D^} 
the /c-predecessor set of the word • • • in and 

r , £Ch(r» A )(^jv( Atl ... w )) 

= {71 • • • 7fc G E* I there exist e$ G z = 1, . . . , k such that 7; = A(e;) 

for i = 1, . . . , k, t(ei) = s(e i+ i) for i = 1, . . . , k - 1 and t(e fc ) = ujv^...^,)}- 

the fc-predecessor set of the vertex ^jv^i---^) * n il 6 '^' ^. 
Lemma 2.3. r* A • • • W ) = r* 0fc(Djl) 

Proof. We will prove the desired equality by induction on the length /c. 

(1) Assume that is 1. 

Take ^0 G {l,...,iV}. The symbol a^ belongs to r^, (/3 Ml • • • ) if and 
only if 

^0 — A*i- The latter condition is equivalent to the condition that ct Mo G 

r£CMD A )(^jv( Atl ... /i ,))- 

The symbol /3 Mo belongs to T^, (/3 Ml • • • if and only if A(// , A*i) = 1- The 
latter condition is equivalent to the condition that /3 Mo G r^^j^L A 

(2) Assume next that the desired equality holds for a fixed with + 1 < I. 
Take a word 71 • • • 7fc+i G E*. We have two cases. 
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Case 1: "fk+i = a Mo for some fj, G {1, . . . , iV}. 

Assume that 71 • • • 7 fc+ i belongs to Y k ^ • • • /? w ) and hence 71 • • • 7/^0/^1 '"Pi 
is admissible in D^. One then sees that ,1*0 = A* i- Since t*^^ is a projection in 
the algebra (9a, the word 71 • • • 'jkPmi ' ' ' Pm * s admissible in D^- Hence 

7i---7fc ert x ^-^)- 

By the hypothesis of induction, one has 

7i---7/c e r £Ch ( z ?A )(^( 1 M2 ... At( ))- 

Since ^1^2 •••/// is admissible in Aa, there exists an edge e G £7-1, z in XJCM-Da) 
such that A(e) = a Ml and s(e) = vl N^ tJi2 ... fXl yt( e ) = v N(f J , 1 ---m)- Hence we know that 

7i • • -7fc+i e r £^MD A )(^!v( Atl -- Mi ))- 

Conversely assume that 71 •• -7^+1 belongs to T^\ IDa) Since 7 fc+ i = 

a Mo , one has that ^0 = A*i- Hence 

7i---7fc e r £^(DA)( v !\ri 2 ... Mi ))- 

By the hypothesis of induction, the word 71 • • ■"fkP^ ' ' ' Pm ^ s admissible in Da- 
Since ii\[i<i • • • A*/ is admissible in A^, by the preceding lemma, 71 • • • 7fca Atl/ 9 Ail /3 M2 • • • 
is admissible in Da so that 

7i---7fc+i e r^ (DA) (/3 M1 

Case 2: 7 fc+ i = /? Mo for some ^0 G {1, . . . , AT}. 

Assume that 71 • • • 7fc+i belongs to ■ ■ ■ (3^). Then 

7i'--7fe e r^ A (/3 M0 /5 Ml •••/3^_ 2 ). 
By the hypothesis of induction, we have 

7i"-7fc e r £c M ^)(^i ...^_ 2 ))- 

Since fiofii ■ ■ ■ \i\ is admissible in Aa, there exists an edge e G £7-1,/ in £ c ' 1 ^' 4 ' 
such that A(e) = /? Mo and s(e) = ^io-w^)'*^ = "Wi-w)' Hence we know 

71 • • -7fc + l ^ r £^MZ5 A )(fjv( Atl -. Mi ))- 

Conversely assume that 71 • • -7^+1 belongs to r^ (Dj4) (v^^...^). Hence 

7i---7/c e ^ CMDA) (t;j v - ( 1 w ... w _ 2) ). 

As r^^^j^...^ = r^ Ch(DA) (^ ( 1 Mo ... At() ), one has by the hypothesis of 
induction 

7i- --7* er^(/3 M -/3 w ). 

Hence we have 

7i---7fc+iGr*+ 1 ( j 9 /11 ... j 9 w ). 
Therefore the desired equality holds for all k with /c < /. □ 
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Proposition 2.4. The X-graph system £ Ch ( D A) presents the subshift Da- 

Proof. Put X Aa = {(fii) ieN | (l*i) iez e A A } and X Da = {(7*) ieN I (7i) ie z e d a}- 
We faithfully represent the Cuntz-Krieger algebra Oa on the Hilbert space whose 
complete orthonormal basis are given by the vectors 

e Ml <g> e M2 <g> ■ ■ ■ for (p u fj, 2 , ■ ■ ■ ) G X Aa 

by using the creation operators ti, i = 1, . . . , N on S) defined by 



e* <8> e Ml <8) e M2 <g) • • • if A(i, ^i) = 1, 
otherwise. 



We may identify ^(ctj) and <pA(Pi) with the operators t* and on 5] respectively. 
For a word 71 • • • 7fc G E*, it folllows that 71 • • • 7fc is admissible in Da if and only 
if there exists a sequence (^1,^2,...) G X Aa such that </ 7 a(7i) • • • <fiA(lk) e (i 1 ® 
e M2 <S> ■ • • is a nonzero vector. The latter condition is equivalent to the condi- 
tion (71, . . . , 7fc, pi, fj.2, • • • ) G Xo A - This is equivalent to the condition 71 • • • 7/e G 
r|) A (/? Ml /? M2 • • • /3(h) for all / > k. Therefore by the preceding lemma, the subshift 
A £ ch(c A ) presented by the A-graph system £ c H d a) [ s d a □ 

Hence we automatically know that the A-graph systems £ Ch ( A A) anc [ £W(A A ) 
present the subshifts D\ and D A respectively. 

A A-graph system £ satisfies A-condition (I) if for every vertex v G Vi of £ there 
exist at least two paths with distinct label sequences starting with the vertex v and 
terminating with the same vertex. 

£ is said to be A-irreducible if for an ordered pair of vertices u,v G Vi, there exists 
a number Li(u,v) G N such that for a vertex w G Vi +L ^ u ^ with t Ll ^ u ' v \w) = u, 
there exists a path £ in £ such that s(£) = v, t(£) = w, where t L i( u ' v ) means 
the Li (u, u)-times compositions of l, and s(£),t(£) denote the source vertex, the 
terminal vertex of £ respectively ([Ma5]). 

Proposition 2.5. Let A be an N x N matrix with entries in {0, 1}. 

(i) If A satisfies condition (I) in the sense of Cuntz-Krieger [CK], the X-graph 
system £ Ch ( A A> sa ti s fi es X-condition (I). 

(ii) If A is irreducible, the X-graph system £ Ch ( A A) { s X-irreducible. 

Hence if A is an irreducible matrix with condition (I), then both the X-graph systems 

£Ch(A A ) and 2Ch{D A ) 

are X-irreducible with X-condition (I). 

Proof, (i) Suppose that A satisfies condition (I). In the A-graph system £ c H a a) ^ 
let v\ be a vertex in V/. We write i = iV(ii---ij) for G Bi(Aa)- By 

condition (I) for A, there exist [i = fi\---fj, r , v = v\---v r G B t (Aa) such that 
/it 7^ v, n\ = v\ = i\ and \i r = v r . Take r\ r +\ • • - r]2i+2r-i G -E?2z+t--i(Aa) such that 
HrVr+i ■ ..r]2i+2r-i G B 2 i + r(A A ). We put fj, n = v n = rj n for n = r + 1, . . . ,21 + 
2r - 1. Put L' = 21 + 2r - 1. Let vf G V L > be the vertex in £ Ch ( A *) suc h that 
j = N(fx r fx r+ i ■ ■ ■ /U2z+2r-2)(= N(u r u r+ i ■ ■ ■ Vii+ir -i)) ■ Then there exist two paths 
labeled (3^ ■ ■ ■ (3^(3^ ■ ■ ■ (3 flr _ 1 and (3^ ■ ■ • (3^(3^ ■ ■ ■ (3 Vr _ 1 whose sources are both v\ 
and terminals are both . Hence £ Ch i A A) satisfies A-condition (I). 

(ii) In the A-graph system £ Ch ( A A) ^ v\,v 1 a be vertices in V/. We write i = 
N(h ■••ii),j = N(ji ■ --ji) for ii ■ • ■ • • ■ ji G Bi(A A ) respectively. As A A is ir- 
reducible, there exits a word 771 • • • t}l G Bl(Aa) such that j\ ■ ■ ■ jirji ■ ■ ■ r\i,i\ • • ■ i\ G 
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S 2/+L (A A ). We may assume L > I. For v 2 h l+L G V 2 i +L with i l+L (v 2 h l+L ) =v\,h = 
1, . . . , m(2l + L) we have h = N(i 1 ■ ■ ■ ■ ■ ■ H21+L) for some m +1 ■ ■ ■ (i 2 i+l e 

5j + _j,(A a ). Then there exists a path labeled (3j 1 ■ ■ ■ (3j l (3 m ■ ■ ■ (3 VL whose source is Vj 
and whose terminal is vf l l+L . This means that £p h i^A) j s A-irreducible. □ 

3. The C*-algebra O z chd a) 

This section is devoted to studying operator relations among generators of the 
algebra £ ch(o A ) to prove Theorem 1.1. A general structure for the C*-algebra Og 
associated with a A-graph system £ has been studied in [Ma2] as in the following 

way: 

Lemma 3.1([Ma2;Theorem A and B], cf. [Ma5]). Let £ = (V, E, A, l) be 

a X-graph system over E. Suppose that a X-graph system £ satisfies X-condition 
(I). Then the C* -algebra Oq is the unique C* -algebra generated by nonzero partial 
isometries s 7 , 7 G E and nonzero projections e\, i = 1, 2, . . . , m(Z), / G Z + satisfying 
the following operator relations: 

(3.1) 5> 7 *; = i, 

m(l) m(l+l) 

(3-2) E4 = 1 > e * = E WU)^ 1 ' 

i=i i=i 

m(l+l) 

(3-4) <e^ 7 = J2 A l ,i +1 (i, 1 /,j)e l J + 1 , 

i=i 

/or 2 = 1,2,..., m(Z), / G Z+, 7 G E, where Vi = {v[, . . . , v m ^} and 

f 1 z/ s(e) = r-, A(e) = 7, £(e) = /or some e G -E^z+i, 
A M+1 (z, 7 ,j) = < n . 

L otherwise, 



(iJ) 



1 z/ t , >l+1 (t/J +1 ) = i/{, 
otherwise 



fori = 1, 2, . . . , m(l), j = 1, 2, . . . , m(l + 1), 7 G E. If in particular £ is X- 
irreducible, the C* -algebra Oq is simple and purely infinite. 

We first consider the C*-algebra O z cha a ) for the A-graph system £ c ' /i ( a a)_ 

Proposition 3.2. Suppose that A satisfies condition (I). The C* -algebra 0^cha a ) 
is canonically isomorphic to the Cuntz-Krieger algebra O a for the matrix A. 

Proof. We notice that both the algebras 0^cha a ) and O a are uniquely determined 
by certain opertor relations of their canonical generators. We write the canonical 
generating partial isometries and the projections in O z ch{a a ) as sp^i = 1, . . . , N 
and e! N ^ iimmmii yii - • - it G Bi(Aa)J G Z + respectively. By the relations (3.1), (3.3) 
and (3.4), one has 

N 

el N{i 1 -i l )= E S foi el N(i 2 --ii + iii+2) S l 3 n' 
il +1 ,il +2 = l 
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For 1 = 1, one sees that by (3.2) 



JV 

As l2 ( v n( 12 - 11+111+2 )) = ^Sri-t,)' (3 - 2) implies the e( i ualit y 

so that by induction one obtains 

One also sees that (3.4) implies the equality 

JV 

As the equality J^Li s /3i s *Pi = 1 holds, the C*-algebra generated by partial isome- 
tries sp i , i = 1, . . . , N is canonically isomorphic to the Cuntz-Krieger algebra C^. □ 

In what follows, an N x N matrix A is assumed to be irreducible with entries 
in {0,1}, and satisfy condition (I). By Proposition 2.5, the algebra O^chd^ is 
simple and purely infinite. We will describe concrete operator relations among the 
canonical generators of the algebra O z ch(D A ) . Let Aij+i, Ii,i+i be the matrices as in 
Lemma 3.1 for the A-graph system £p h ( D A) ^ We denote by m{l) the number of the 
vertex set V t = {v[, . . . , v l m ^} of £ Ch (D A )_ L et ^jgj] an d e \,i=l,.. . ,m(l), I G 
Z_|_ be the canonical generating partial isometries and projections of 0^ch(D A ). 
They satisfy the relations (3.1), (3.2), (3.3) and (3.4) for £ ch( - Da \ Define the 
operators Si, , Tj, % = 1, . . . , N by setting 

Si-.= s ai , T i :=sp i for i = 1,...,N. 

Proposition 3.3. The operators Si,Ti,i = 1,...,N satisfy the relations (1.1), 
(1.2), (1.3) and (1-4), o,nd generate the C* -algebra O z ch{d a ). 

Proof. The equality (1.1) is nothing but (3.1). To prove (1.2), by the equality (3.4) 
and the first equality of (3.2), one has for a fixed I e Z+, 

N N m(l) m(l+l) 

£ 5 ;^ = ££ E \i + i^^,k)e i k +i . 

j = l j = l i=l k=l 

For k = 1, . . . , mil + 1), there exists a unique edge labeled E~ in £ Ch ( D A) w hose 
terminal is v 1 ^ 1 . Hence we have X^jLi Y^I=i a j, fe) = 1 so that 

N m(l+l) 

E5>j= E 4 +1 = i- 

i=i k=i 
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N{i 2 ---i l + 1 i l+2 ) 



For (1.3), one similarly has 



m(l) m(l+l)m(l) 
k=l h=l k=l 

On the other hand, 

N m(l+l) m(l) N 

J2Mi,j)S*S j= £ (J2J2A(i,j)A l , l+1 (k,a j ,h))e l + 1 . 

3 = 1 h=l k=l j=l 

Let h be written as N(hi ■ ■ ■ hi + i). Then the condition ft) = 1 is equiv- 

alent to the condition that ih± G i?2(A^) and /c = N(ih\ ■ ■ -hi-i). On the other 
hand, the condition J2j=i j)Aij + i(k, aj, h) = 1 is equivalent to the condition 
that j = hi, A(i,j) = 1 for some j and k = N(ti2 ■ ■ ■ hi + i). Hence one has 

m(l) m(l) N 

^2Ai,i+i(k,/3i,h) = ^2^2A(i,j)Ai yl+1 (k,aj,h). 

k=i k=i j=i 

This implies the equality (1.3). For (1.4), we put 

rp c* C* C C 

^^■■■fik — ^ ■ ■ ■ *-> Mfe >->Mk ' ' ' 

By using the first equality of (3.2), (3.3) and (3.4) recursively, one knows that the 
above defined projections commute with SjS* and TjT* for j = 1, . . . , N. Hence 
by (1.1), it follows that 

N N 
3=1 3=1 

As S*E^..^ k Sj = A(J,n 1 )SjE lil ... lik S j and S^Tj = s a ^sp j = if Hi ^ j, one 
has 

N 

-^Mi-'-Mfc = ^ fii)SjS*E^ 1 ...^ lk SjS* + T fll T* 1 E fll ... flk T fll T* 1 . 

3 = 1 

Since A 0) i(l, a^^j) = 1 if and only if j = [Ai, it follows that by (3.4), 

m(l) 
3=1 



By (3.2) and (3.4), we similarly have 



E — s* 




m{l) 


m(k) 


= E- 




ii = l 


»fc=l 
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3 fc 

"^k 



As E™=i '"S™ i^V ^o,i(l, aAi fc ,ii)---^fc-i,fc(ifc-i,a/*i,ifc) = 1 if and only if 
ik = N(/ii ■ • -/Uyt), one knows E^...^ = e^ (Mi ... Mfe) . Hence we have 

m(k+l) 

i=i 

Since A fcjfc+ i(iV(/xi • • • fj, k ), fi^, j) = 1 if and only if j = N(p> 2 • • • for 
some /Ufc+i, = 1, • • • , N, and the equality 

-E , M2---MfeMfe+lA*fe+2 = -^M2---Mfe 

holds, we have T* 1 E fJ , 1 ... flk T fll = E^ 2 ...^ k so that 

ATT ATT* 7—? ATI ATI* ATT 77? /T"l* 

Thus we conclude that (1.4) holds. Consequently the operators S^, Tj, z = 1, . . . , N 
satisfy the relations (1.1), (1.2), (1.3) and (1.4). 

In the above discussions, we have proved the equality 

for Hi ■ ■ ■ Hk G -Bfc(A^). Hence the algebra 0^ch(o a ) is generated by Si, ... , Sn, 
T U ...,T N . □ 

We next show that the relations (1.1), (1.2), (1.3) and (1.4) imply the relations 
(3.1), (3.2), (3.3) and (3.4). Let Si, Tj, i = 1, . . . , AT be partial isometries satisfying 
the operator relations (1.1), (1.2), (1.3) and (1.4). In the relation (1.4) for k = 2, 
by summing up \i 2 over {1, . . . , N} and using (1.2), we have 

N 

(3.5) St Si = A U, i)S J S J S;S,S i S] +TiT*, i = l,...,N. 

Lemma 3.4. 

T*T if i = j 
(i) T*S*SjTi ' 



(ii) TtE^.^Ti = 



ifi^j. 

A(i,/j, 2 )E l ^ 2 ... f , l ifi = m, 

ifi^m 
forl> 1, where E^...^ = S* t • • • • • • S Ml forfJH---m E Bi(A A ). 

Proof, (i) By (3.5), we have 

AT 

ir^SiTi = ]T iWSjSlStSiSjSjTi + T*TiT*Ti. 

3 = 1 

The equality (1.1) implies T*Sj = for i, j = 1, . . . , AT and hence we have T*S*SiTi 
T*Ti. By (1.2), one has 

TV 

'£T?S;S j T i = T?T i 
i=i 
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so that T*S*SjT z = for % ± j. 
(ii) By (1.4), we have 



N 

T*E jll ... jll T i = A(j, m)T*SjS*E IJil ... l j il SjS*Ti + T*T Ml £ , M2 ... Mi T* i T; 

for / > 1. Since T*S 3 = for i, j = 1, . . . , N and 7^*T Ml = for i ^ fjL U we have 

T*T i E^ l T*T i if i = a*i, 



/p* 771 m rri* rri 771 rrn* m 



otherwise. 



By (1.3) one has 



TV TV 
j=l fc=l 

By (1.2), one sees that S*S S* 2 = for j ^ // 2 , and S^ 2 S^S* k S k = for fc ^ // 2 - 
It then follows that 

T*E fll ... fll T i = A(i,/x 2 )^ 2 ... w . 

□ 



Lemma 3.5. ifeep i/ie afroue notations. The projection commutes with 

both SjS* and T 3 T* 

Proof. By (1.4), we have for / > 1 



TV 

SiS*E fll ... fll = s ^A(j,^ 1 )SiS*SjS*E iJil ... ill SjS* + SiS*T fll E fl2 ... fll T* i . 
j=i 

By (1.1), one has 5*T Ml = for all z, /xi, and by (1.2) one has S*Sj = for % ^ j. 
Hence we have SiS^E^...^ = A(i, ii 1 )S i S*E^ 1 ... m S i Sl and similarly E, Jil ... IJil S i S* = 
A(i, fx 1 )S i S*E IJil ... l j il SiS* so that SiS* commutes with E^...^. By (1.4) and (1.1), 
we have 

N 

TiT^E^...^ = A(j, nxjTjT* SjS*E lJil ... lH SjS* + T i T*T fI1 E^ L2 ... tll T* i 

otherwise. 

We similarly have the same equality for i? Ml ... M! TjT* as above so that TjT* com- 
mutes with E^...^ r 

For / = 1, as we have E^ = X^=i E vim by (1.2), the projection commutes 
with both <S , j<S , j and TjT^ by the above discussions. □ 
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Lemma 3.6. Keep the above notations. For [ii, . . . , [Xi G {1,...,N} we have 
^Mi-Mi = */ A*i • • • A»i £ 5j(A A ). 

Proof. As we are assuming that the matrix A has no zero rows or columns, for 
/ = 1, 5i(A A ) = {!,•••, A}. By (3.5) one has for m = 1, . . . , N 

N 

^i^/ii = ^ ^Q'> Vi)^ jS*Sui SjS* +T Ml T* i 
so that for = 1, • • • , A 

because S* Q Sj = if //o 7^ J, and 5'* o T Ml = by (1.1). This means that -E' MoA t 1 = 
if // A»i £ # 2 (A A ). 

Suppose next that the assertion holds for / = > 1. By (1.4) one has for 
111- •■ lik e -Bit (A a) and ^ = 1, • • • , A 



AT 

^Mo^Mi-'-Mfe^Mo = ^Q'> Vi)St SjSjEyi---vkSjSjSLio + Sl L0 T ill E^ 2 ...^ k T* i S^ ) 

3=1 



so that we have 

For hi - ■ ■ n k e B k (A A ), we have /xoA*i • • • t*k & B k+ i(A A ) if and only if A(/xo,A*i) = 
0. Hence the assertion holds for Z = k + 1. Therefore the assertion holds for all 
leZ+. □ 

Proposition 3.7. Aeep £/ie above notations. Put 

s ai := Si, s 0i :=Ti for i = l,...,N 

and 

e? := 1, 

e Wi- w ) := e k-hA= 5 mi • • • • ' -^J for ii = in- ■■ in e B t (A A ). 

Then the family of operators s 7 ,7 G E, A 4 ! " 'A** e -^/(Aa) satisfies the 

operator relations (3.1), (3.2), (3.3) and (3.4) for the X-graph system sf h{ - DA \ 

Proof. The relation (3.1) is nothing but the equality (1.1). The equality (1.2) 
implies E Ml6Bl (A A) e]v( Ml ) = 1- Suppose that E Ml ... At(6Bi( A A ) = 1 holds 

for / = fc. As 



JV 

C* Q* C C \ ^ Q* o* c* c c c 

/l=l 

the equality E w ... w eB,(A A ) e Wi-«) = 1 holds for / = /c + 1 by Lemma 3.6 and 
hence for all /. The above equality with the equality 



h,l+i (N (pi • • • pi) , N (vi • • • vi+i)) = | 



1 if vi ■■■vi = m ■■ -Hi, 
otherwise 
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for !/]_••• i>i + i E Bi +1 (Aa) implies the second relation of (3.2) by using Lemma 3.6. 
The equality (3.3) comes from Lemma 3.5. 
We will finally show the equality (3.4). 

For / = 0, e\ = 1 by definition. If 7 = a k for some k = 1,...,N, one has 
Ao,i(l, ctfc, j) = 1 if and only if j = k. Hence 

m(l) 

i=i 

If 7 = Pk for some k = 1,...,N, one has Aq^I, f3k,j) = A(k,j). Hence by the 
relation (1.3) one has 

N N 

s* p A 1 sp k =nT k = el = J2AoAkJ)S*S j = J2 A oA^Pk,j)e 1 j . 

j=i 3=1 

For / = 1, one sees that e\ = e x N ^y If 7 = a k for some k = 1, . . . , N, one has 

m(2) 
3=1 

where the last equality above comes from the fact that Ai^(i, Oik,j) = 1 if and only 
if j = N(ki). If 7 = Pk for some k = 1, . . . , N, one has by Lemma 3.4 (i) and (1.3) 



- _ 7 w c -r, - ) ^j-i A(i-j)SjSj if k — i. 

if /.• / /. 



s h e i s fo = T kS*SiT k = j J 
By Lemma 3.6 and (1.2), one has 



TV 

j = 1 MiA*2eB 2 (A J 4) 



Since Ai )2 (i, /5fc , ^1^2) = 1 if and only if A; = i, A(i, fii) = A(fj,i, (j, 2 ) = 1, it follows 
that by S^S^S^S^ = e N ^ ifjl2 y 

m(2) 

3=1 

For hi - ■ ■ hi E Bi(Aa) with Z > 1 and G E~, the relation (1.4) implies 

S a k el N( l i 1 --- l n) S a k = ^(^7 ^SkS^ • • • S^Sfn • • • S^Sk 

= A hl+1 {N{m ■ ■ ■ fii),a k , N{kni ■ ■ ■ ^i)) e !f(fc Ml ... w )- 
Since A/ 5 / +:L (iV(//i • • -/^), «&,«) = if i ^ N(k/i 1 ■ ■ •///), one has 
s a fc e Wi-w) s «* = ^1,1+1(^(^1 ■■■fii),a k ,N(u 1 - ••z/ z+1 ))e z + ( 1 ;yi ... 

i/i---^( + i€-B( + i(Aa) 
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We also have by Lemma 3.4 



* i 

s f3 j e N(^ 1 --- fH ) s l3 j 

rp* rp rp 

~ 3 £j Vi---Vl- L 3 



otherwise 

Y. tM+1 ,L ll+2 eB 2 (A A ) A (j^2)S* 2 ■ ■ •<S'* i S'* i+1 S'* i+2 £ Mi+2 S' Mi+1 £ w ■ • • if j = pi, 
otherwise. 



Since one has 



A hl+1 {N{^ ■■■m), 0j, Nfa ■ ■ ■ v l+1 )) 

1 if j = /xi, A(j, /z 2 ) = 1 and v { = fj, i+1 for i = 1, ...,/- 1, 
otherwise, 



we have 



s ^ e Wi-Mi) s ft = Ai+i(^(/*i---/ i O»^»^i---^+i))eSf ( 1 1/1 ... I/l+l) . 

t , i-"Vi+i€Si + i(A J 4) 

Therefore (3.4) holds □ 

By a general theory of the C*-algebras associated with A-graph systems [Ma2], 
the algebras O z ck{d a ) are nuclear. If A is irreducible with condition (I) in the sense 
of Cuntz-Krieger, the A-graph system £ Ch ( D A) j s A-irreducible with condition (I) 
from Proposition 2.5 so that the algebra 0^chd a ) is simple and purely infinite by 
[Ma5]. By Proposition 3.3 and Proposition 3.7, the family of the operator relations 
(1.1), (1.2), (1.3) and (1.4) is equivalent to the family of the operator relations 
(3.1), (3.2), (3.3) and (3.4). Thus by Lemma 3.1 we conclude Theorem 1.1. 

4. K-Theory 

In this section, we will present K-theory formulae of the C*-algebra O z ch{d a ) 
in terms of the topological Markov shift defined by the matrix A. Recall that the 
right one-sided topological Markov shift (X\ A , a a) is a continuous map a a on X Aa 
where 

X Aa = {(x t ) teN G {1, . . . , N} N | A( Xi , x i+1 ) =l,ie N}, 
<7A((xi) ieK ) = (xi+i) ieN for (xO ieN G X Aa . 

The space X A . is naturally identified with X n + in the proof of Proposition 2.1. 

A 

Let C(X\ A , Z) be the abelian group of all Z- valued continuous functions on X Aa . 
Define endomorphisms a^ A and Aa a on C(X\ A , Z) by 

N 

(TA A (f)(x) = f(<TA A (x)), \A A (f)(x) =J2fU X ) fOT / e C(^A A ,Z) 

i=i 

and x = (xi) ieN G X Aa , where jx = (j, x ly x 2 , ■ ■ ■ ) G X Aa . Let S^T^i = 1, . . . , N 
be the generating partial isometries of the C*-algebra & ch(d a ) as in Theorem 
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1.1. Let A z ch(d a ) be the C*-subalgebra of O ' £ cmd a ) generated by the projections 
E^...^ = S*^-- S*,£ w • • • Sp x , m • • -m G A* A . Define two endomorphisms A E - 
and A s + on it by 

N N 

As- (a) = S*aSj, X^+(a) = ^^T*aTj for a G »4.£cm-d a ) 
i=i 3=1 

Let C(Xa a ,C) be the abelian C*-algebra of all C- valued continuous functions 
on Xa a - We note that its -ft^-group K (C(X\ A ,C)) is naturally identified with 

C(X Aa ,Z). 

Lemma 4.1. Let $ : A^cmda) — > C(X\ A , C) be a map defined by 

=Xmi-w for m--- m G A* A 

where Xni---m ^ s the characteristic function for the word Hi • • • Hi on X\ A defined 
by 

1 if(x 1 ,...,x l ) = (ji 1 ,...,m), 
otherwise. 



Then we have 

(i) $ gives rise to an isomorphism from A a ch(D A ) onto C(X\ A ,C). 

(ii) Both of the diagrams 

Ko(A & ch(D A )) 1 — > C{X^ A , r L) K (A £/ ch(D A )) — > C{X^ A , r L) 



OA. 



Kq{Aqcmd a )) — — — > C(X\ A ,Z) K (A & ch(D A )) — — — > C(Xa a ,Z) 

are commutative, where is the induced isomorphism from K g {A^chd a )) 
to Kq(C(X\ a ,C))(= C(X\ a ,Z)), and A E -, A E + are induced endomor- 
phisms on Ko(A £i ch(D A )) by X-£- , A^+ respectively. 

Proof, (i) The assertion is straightforward, 
(ii) The equality 

N 

<5(A E -(£ Ml ... Mi )) = J^XiMi-w 



is immediate. As 



o-A A (Xm-m)(x) = | 



1 if (x 2 ,...,X l+1 ) = (//!,...,///), 

otherwise, 



for x = (xi) ieN G X Aa , the equality 

is clear. Hence the first diagram is commutative. 
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For the second diagram, as 



by Lemma 3.4, it follows that 
QiTjE^TiKx) = 



ifjVm 



if j ^ ^ 

1 if (ji u ...,m) = (j,xi,x 2 ,...,xi- 1 ), 
otherwise. 



On the other hand, one sees for x = (xi) i€N G X Aa 



N 



3 = 1 

1 if (/ii, . . . , m) = (j, xi,x 2 ,..., xi-i) for some j = 1, . . . , N 
otherwise 

so that one obtains 

N 

J'=l 

Hence the second diagram is commtative. □ 

Therefore we have 
Theorem 4.2. 

(i) Ko(C £ c,(^)) = C(X AA ,Z)/(id- (a AA +X Aa ))C(X Aa ,Z). 

(ii) Ki(C £ ch(D A ) )= Ker(id - (ct Aa + X\ A )) in C(X Aa ,Z). 

Proof, (i) By an argument of [Ma2; Theorem 5.5], one knows 

K (O & ch(D A )) = Ko{A Si ch(D A ))/ '(id — \ & ch(D A ) ^)Ko(A & ch(D A )). 

where Xqch{d a )^ is an endomorphism on Ko(A a ch(D A )) induced by the map X & ch(n A ) : 
A 2 ch(D A ) — > A Q ch(D A ) defined by 

X^ch(D A ){a) = ^ ^ S*aS^ for a G *4.£Ch(D A ). 

76S-UE+ 

As A £ ch(o A )(a) = As™ (a) + A^+(a), one sees the desired formula by the previous 
lemma. 

(ii) Similarly by an argument of [Ma2; Theorem 5.5], one knows 

Ki(0 £ ch(D A )) = Ker(id — X £ ch(n A ) t ) in K Q {A Si ch{D A )) 

so that one sees the desired formula by the previous lemma. □ 
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We remark that the space X\ A is homeomorphic to a a Cantor discontinuum .ft. 

The formulae of Theorem 4.2 may be rewritten in terms of nonnegative matrix 
system (M^+i, for the A-graph systems £ Ch ( D A) ( c f.[Ma]), where Z^+i 
is the matrix as in Lemma 3.1 for £ Ch ( D A) anc [ M^ + i is the matrix defined by 

Mu +1 (i,j) = A l,l+i(hlJ) f o r i = l,...,m(0, j = 1, . . . , m(l + 1) 

for the matrix Aij+i in Lemma 3.1 for gp h \ D A) _ Then the relations = 
Mi t i +1 Ii +1} i +2 for / G Z + hold. The groups ^(^cmd^)) and Ki(0 £ ch(n A )) are 
computed by the following formulae. 

Proposition 4.3 ([Ma2], cf. [Ma]). 

(i) K (O £ c h (D A) ) = lim{Z m ( z+1 V(M/ z+1 - If l+1 )Z m ^ Jf where the m- 

i > > > 

ductive limit is taken along the natural induced homomorphisms If G 
Z + by the matrices If L+1 - 

(ii) K\{0 £Ch(D A )) = lirn{Ker(M/ z+1 — If in Z m ^ l > , If , iw/iere i/ie induc- 

l 

tive limit is taken along the homomorphisms of the restrictions of If l+1 to 
Ker{Mt tl+1 -Ij tl+1 ). 

5. Examples 

Example 1 (Dyck shifts). 

For the matrix A all of whose entries are 1, Theorem 1.1 goes to 

Proposition 5.1 ([Ma6]). The C* -algebra C>£chd n ) associated with the Cantor 
horizon X-graph system £ Ch ( D N) j or ^ e Dy C fc shift is unital, separable, nu- 
clear, simple and purely infinite. It is the unique C* -algebra generated by N partial 
isometries Si,i = 1, . . . , N and N isometries T^i = 1, . . . , N subject to the follow- 
ing operator relations: 

N N 

EC* Q 1 TP \ r Q Q* TP Q Q* _i_ T TP T* 

^j^j — L i ^Hi—Hk — / j °j D .j ■ ■ ■ Hk °3 D .i ' Mi M2"'Mfc A*i 

3 = 1 3=1 

where £ Ml ... Mfe = S* x • • • £* fc //i,...,// fc G {l,...,iV}. The K-groups are 

K (O £ cH(n N) ) ^ Z/iVZ©C(.£,Z), K^O^chd^) ^0. 

Proof. The relation (1.3) implies that Tj, i = 1, . . . , N are isometries. By summing 
up fi2 over {1, . . . , N} in the second relation above for k = 2, one has the equalities 

JV 

St Si = SjSjStSiSjS] +T Z T*, i = l,...,N 

3 = 1 

by using the first relation above. By summing up i = 1, 2, . . . , N in the above 
equalities, one sees the relation (1.1). □ 
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Example 2 (Fibonacci Dyck shift). 



Let F be the 2x2 matrix 
square matices with condition ( 



It is the smallest matrix in the irreducible 



1 l 
1 o_ 

) such that the associated topological Markov shift 

Ap is not conjugate to any full shift. The topological entropy of is log 1+ 2 V ^ the 
logarithm of the Perron eigenvalue of F. We call the subshift Dp the Fibonacci 
Dyck shift. As the matrix is irreducible with condition (I), the associated C*- 
algebra O z ck(d f ) is simple and purely infinite. 

Proposition 5.2. The C* -algebra O z ch(D F ) associated with the X-graph system 
£Ch(D F ) ^ un n a i^ separable, nuclear, simple and purely infinite. It is the unique 
C* -algebra generated by one isometry T\ and three partial isometries Si,S , 2,T2 
subject to the following operator relations: 

2 2 

J2(Sj S j + T j T j) = S J S i = !' T 2 T 2 = S * S ^ 

3 = 1 3=1 
2 

E m-Vk = ^2 F (j^i) s j S j E ^i--^k S j S j + T m E V2---vk T v 1 i k>l 

3 = 1 

where £ Ml ... Mfc = S* t ■ ••S* k S llk ■ • (m, ■ ■ ■ ,fi k ) e A* F , and A* F is the set of 

admissible words of the topological Markov shift Ap defined by the matrix F . The 
K-groups are 

K (O a cHD F) ) ^Z©C(£,Z)°°, K 1 (O a c H D F) ) =0. 

Proof. The operator relations above directly come from Theorem 1.1. The K-group 
formulae above are not direct. Its computations need some tecnichal steps as in 
[Ma7] . The full proof of the above K-group formulae are written in [Ma7] . □ 
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